Axion cold dark matter from standard misalignment typically requires a decay constant f a 10 11 GeV. Kinetic misalignment and parametric resonance easily allow lower values of f a when the radial Peccei-Quinn (PQ) symmetry breaking field takes large initial values. Here, we consider the effects of inflation on kinetic misalignment and parametric resonance. We assume that the initial PQ field value is determined by quantum fluctuations, and is set by the Hubble parameter during inflation, H I , and the PQ field mass. PQ field oscillations begin before or after the completion of reheating after inflation at a temperature T R . We determine the range of f a and the inflationary parameters (H I , T R ) consistent with axion dark matter for a quartic potential for the PQ field. We find that 4 × 10 8 GeV < f a < 10 11 GeV can consistently produce axion dark matter. A significant portion of the allowed parameter space predicts rare kaon decays, K L → (π 0 + missing energy), and/or suppression of structure formation on small scales.
INTRODUCTION
Why is the CP symmetry badly broken by the weak interaction, but preserved by the strong interaction [1] [2] [3] [4] ? The Peccei-Quinn (PQ) mechanism [5] remains a highly plausible resolution to this problem, replacing the static CP-violating vacuum angle θ by a dynamical field θ(x) = a(x)/f a , where a(x) is the pseudo Nambu-Goldstone boson known as the axion [6, 7] , and f a is the PQ symmetry breaking scale. We consider a scenario in which the PQ symmetry is broken during inflation. When a global U (1) PQ symmetry is spontaneously broken, the axion arises as a Nambu-Goldstone boson. As the temperature approaches the QCD confinement scale Λ QCD , the explicit PQ symmetry breaking by the QCD anomaly becomes effective, causing the axion field to obtain a non-negligible mass and coherently oscillate around the minimum. The resulting oscillation energy accounts for the cold dark matter abundance [8] and this axion production is known as the misalignment mechanism.
The key parameter determining the axion relic density is the axion decay constant, f a , which is related to the axion mass [6] m a 6 eV 10 6 GeV f a .
(1.1)
A large initial saxion field may probe higher dimension operators in the potential that explicitly break the PQ symmetry, and therefore depend on the angular component θ. In this case, as the field starts to oscillate, these operators impart a kick generating a large angular speedθ ≡ dθ/dt. Much later in its evolution, the resulting kinetic energy of the axion field may dominate over the QCD-generated axion potential, delaying the usual axion field oscillations. This kinetic misalignment mechanism (KMM) [18] can explain axion dark matter for small values of f a 1 . It is possible to suppress the axion abundance at large f a with a fine-tuned initial condition for (θ,θ) [20] .
In both PR and KMM mechanisms, in addition to f a , the final axion abundance depends on the potential (including the PQ-breaking term that induces the angular kick for KMM) and the initial position of the radial component, S i , but does not depend sensitively on the initial condition for the angular component. The PQ symmetry is broken before inflation, and in [16, 18] it is assumed that the large S i is set independent of the dynamics of inflation.
In this paper we study PR and KMM in detail. We find that KMM is not always separable from PR. In KMM, unless the rotation of P is sufficiently circular, PR also occurs. The axion abundance is generically given by the sum of both contributions. The PR contribution is removed if the produced axion fluctuations are thermalized. The KMM contribution is protected by the conservation of the PQ charge and is not removed by thermalization [19] .
We investigate PR and KMM when it is intimately linked to the inflationary era. First, we assume that the initial saxion field value, S i , is set by quantum fluctuations during inflation, replacing an unknown initial condition with dynamics involving the Hubble parameter during inflation, H I . We assume no specific model of inflation, but take Starobinsky-like inflation [21] as a motivated and predictive example that relates the inflaton mass and the Hubble parameter, with the predicted values for these from the normalization of CMB anisotropies.
Second, we explore the possibility that the saxion field oscillations begin before or after the completion of reheating. For the former, the axion abundance depends on the reheat temperature, T R . With these connections between PR, KMM, and inflation, we determine the range of the inflationary parameters (H I , T R ) consistent with axion dark matter using a quartic potential for the PQ field. Our results apply quite generally for any model of inflation, though numerical results can be sharpened in simple specific models. 1 A non-zero kinetic energy of the axion field can also explain the baryon asymmetry of the Universe through a mechanism called axiogenesis [19] .
The conventional misalignment mechanism predicts the axion mass m a O (0.01) meV, while PR and KMM allow the axion mass to be higher, with m a O(0.01 − 100) meV, a mass range that is being probed by various experimental investigations [22] . Other possible mechanisms that predict heavier axions include: 1) unstable cosmic domain wall decays [23] , 2) anharmonicity effects when the axion misalignment angle θ i approaches π due to inflationary dynamics [24] , and 3) axion production in non-standard cosmologies [25] .
In what follows, we first consider the consequences and conditions for KMM and PR in Secs. 2 and 3, respectively. We use a simple quartic potential for |P |. We discuss the inflationary dynamics of P in Sec. 4. During inflation, quantum fluctuations are used to derive the initial conditions for the saxion. The axion abundance in each case is calculated in Sec. 5, where we derive bounds on the axion decay constant. In KMM and PR, a large saxion abundance is also produced and may cause cosmological problems. Thermalization of the saxion condensate and the subsequent decay of massive saxions are discussed in Secs. 6 and 7. Finally, a discussion and our conclusions are given in Sec. 8.
KINETIC MISALIGNMENT MECHANISM WITH QUARTIC POTENTIAL
Once the temperature of the Universe drops down to the GeV scale, non-perturbative QCD effects generate a potential for the axion V = m a (T ) 2 f 2 a 1 − cos a f a . (2.1) Above the QCD scale the axion mass m a (T ) is a function of temperature. We adopt the dilute instanton gas approximation [26] ,
where m a is given in Eq. (1.1) and we assume that the QCD phase transition occurs at Λ QCD 150 MeV.
Ifθ is sufficiently small, the axion field starts to oscillate in this potential at a temperature T * , given by 3H(T * ) = m a (T * ), leading to the conventional misalignment mechanism [8] . If, on the other hand, at T * the kinetic energy density is larger than the potential barrier, or equivalentlyθ(T * ) > 2m a (T * ), then kinetic misalignment occurs and the axion oscillations are delayed until the kinetic energy is below that of the potential [18] . This condition corresponds to a yield of the PQ charge greater than a critical value
where s = 2π 2 45 g * T 3 * and Y crit is the minimal yield for kinetic misalignment, and is evaluated using g * (T * ) 26, see, for example, [27] . The PQ charge density n θ will be defined below.
A detailed calculation of Y crit is given in Appendix A.
Taking Y θ Y crit , the energy density of oscillating axion is given by [18] ρ a s 2m a Y θ , (2.4) leading to
5)
Requiring the observed amount of dark matter Ω a h 2 0.12 [11] , we can use Eq. (2.3) to obtain a critical value f crit a 1.5 × 10 11 GeV, above which the conventional misalignment mechanism occurs. Therefore, in this work we restrict our attention to f a 1.5 × 10 11 GeV , (2.6) where the kinetic misalignment mechanism accounts for the correct dark matter abundance.
To generate a large Y θ at a much earlier epoch, we consider a complex scalar field, P , that transforms under the PQ symmetry, P → e iα P , and has a potential
where the PQ-conserving term contains a quartic coupling
(2.8)
We also introduce a PQ-violating, higher-dimensional potential term,
where A is a dimensionful coupling and M Pl 2.4 × 10 18 GeV is the reduced Planck mass.
Such terms are plausible since the PQ symmetry is explicitly broken by the QCD anomaly;
if the PQ symmetry arises as an accidental symmetry from other exact symmetries [28] , explicit PQ symmetry breaking by higher dimensional operators is expected. Violation of global symmetries by quantum gravity effects [29] may also generate such terms.
We parameterize the complex field P by 10) where S is the saxion (radial) component and θ = a(x)/f a is the axion (angular) component.
We assume that the saxion takes a large field value during inflation, e.g., due to quantum fluctuations as we discuss in more detail in Sec. 4.2. After inflation, as the Hubble parameter drops to the saxion mass m S i around the field value S i , the field P starts to oscillate at time
Any motion in the angular direction leads to a PQ charge density 11) which is the Noether charge density associated with the axion shift symmetry. The rotation is initiated in the same manner as Affleck-Dine baryogenesis [30] . The PQ-violating potential (2.9) imparts a kick in the θ (angular) direction, resulting in an initial field rotation,θ i = 0, giving (see Appendix B) 12) where the last equality defines . The parameter characterizes the shape of the motion and is determined by the angular potential gradient relative to the radial potential gradient.
As we discuss in more detail in Sec. 3, for values of 0.8, axion production through parametric resonance must be considered. Fig. 1 illustrates the motion of a complex scalar field P along the quartic potential (2.8) .
Due to the friction from cosmic expansion, the radius of the rotation of P decreases until P reaches the bottom of the potential, on which P continues to rotate. If the rotation is fast enough, i.e. the PQ charge is large enough, kinetic misalignment is at work.
PARAMETRIC RESONANCE WITH QUARTIC POTENTIAL
If the motion of the PQ symmetry breaking field is not sufficiently circular, the value of |P | changes rapidly during the cycle. This results in parametric resonance [15] , where the energy density of the coherent condensate is transferred into that of excited modes. In this section, we review the consequences of parametric resonance (PR) and derive the condition on for PR to occur.
The field P oscillates at the frequency λS i and, due to the quartic coupling, contributes an oscillatory effective mass to χ, defined as the excitation modes around the coherent motion of P . An exponential enhancement of χ occurs in a momentum mode k χ when the two frequencies, λS i and k χ , satisfy a resonance condition. The initial energy density, stored in the coherent condensate of S, is transferred into the resonant modes of χ. Such an efficient transfer begins shortly after the onset of S oscillations and ceases when back-reactions become sufficiently strong. The back-reactions of the produced χ include scattering with the S coherent condensate and changes in the effective mass of χ through self-scattering [15] .
At this stage, PR has produced comparable number densities of axions and saxions 1) and the energy of P is now predominantly in the excited modes and in the rotating mode 2 .
2 Due to conservation of PQ charge in the form of rotation, the energy density stored in rotation will remain
The Peccei-Quinn symmetry is restored non-thermally due to the large fluctuations of P .
The axions produced by PR can also contribute to the dark matter abundance [16] and are constrained from the warmness of dark matter, as discussed in Sec. 5.2.
PR is effective only when the adiabatic conditionṁ S /m 2 S < 1 is violated. When P starts to oscillate, S i f a and m S (S) = √ 3 λS. This implies thatṁ S /m 2 S =Ṡ/
and is maximized when S is at its minimum value during a cycle whereṠ also takes the maximum valueṠ max . The maximum kinetic energyṠ 2 max /2 during a cycle originates from the potential energy associated with the radial oscillation (1 − )
The minimum value of S during a cycle is obtained from conservation of both energy and PQ charge, and is given by S min = S i . As a result, the adiabatic factor takes the following maximum value during a cyclė
independent of S i . This rough estimate therefore shows that the adiabatic condition is violated when 0.5. We performed a numerical calculation for the two-field dynamics and found a critical value crit 0.8,
below which PR occurs.
INFLATION AND THE ONSET OF RADIAL OSCILLATIONS
In this section, we study the saxion dynamics in the context of inflation and derive constraints relevant to axion dark matter from kinetic misalignment or parametric resonance.
Inflaton Dynamics
After the de Sitter phase of inflation with the Hubble parameter H I , the Universe becomes dominated by oscillations of the inflaton field φ, and the expansion rate is that of a matter-dominated Universe, i.e., ρ φ ∼ R −3 , with R the scale factor. The energy of the inflaton oscillations is transferred into that of radiation, in the process called reheating. After reheating completes at a temperature T R , a radiation-dominated Universe begins.
even though the back-reaction results in transferring energy from the coherent condensate to fluctuations.
While our general results do not depend on the details of reheating, when we relate the reheating temperature T R to the inflaton decay rate, we assume that reheating after inflation occurs by the perturbative decay of the inflaton with a decay rate Γ φ . The transition from the matter-dominated era to the radiation-dominated era occurs when Γ φ t 1 or, equivalently, when Γ φ 3H/2. The reheating temperature can be expressed as
where the effective number of degrees of freedom for the Standard Model is given by g * = 106.75 (or higher in any extension of the Standard Model). We assume the full Standard Model value throughout this paper unless explicitely noted.
The decay rate of the inflaton field can be parameterized as
where m φ is the inflaton mass. The coupling y is highly dependent on how the inflaton couples the Standard Model sector. Combining Eqs. (4.1) and (4.2), we can write y = π 2 g * 90
Our results will be derived without the need to specify a particular model of inflation.
We need only to specify the Hubble scale during inflation, H I , and the reheat temperature, T R . However, in places where we extract some numerical results, we will often assume the Starobinsky form for the inflationary potential
where φ is the inflaton field and m φ is the mass of the inflaton. The Hubble parameter during inflation is
The scale of inflation is fixed from the normalization of CMB anisotropies. Using, A s = 2.1 × 10 −9 [11] , and assuming 55 e-foldings of inflation, one finds m φ 3 × 10 13 GeV and H I 1.5 × 10 13 GeV.
Saxion Dynamics
We assume that the initial value of the saxion field is set during inflation, when quantum fluctuations drive scalar expectation values of S 2 [31] . We take the saxion mass to be much less than the Hubble scale during inflation, H I , so that quantum fluctuations grow as H 3 I t up to a fixed value given by
Long-wavelength modes of these fluctuations obey the same classical equations of motions as S , and, therefore, we may take (4.6) as an initial condition, S i , for the saxion field and radial oscillations.
Assuming S i f a , at such large field values the saxion mass resulting from (2.8) is
If we use this mass with (4.6), we find a simple form for the initial saxion field 8) and combined with (4.7), the initial saxion mass is
Saxion oscillations begin at time t i , where m S i ∼ 3H(t i ). We consider first the case where this occurs before reheating, namely where 
(4.11)
We stress that Eq. (4.11) is (inflationary) model-independent. If we use Eq. (4.3), we obtain
When the constraint (4.11) is violated, saxion oscillations begin after reheating. Using the standard expression H 2 = ρ R /3M 2 Pl in a radiation-dominated Universe, we obtain the following oscillation temperature
which does not depend on the reheating temperature, T R .
Later, we fix λ so that the axion population from PR or KMM explains the observed dark matter abundance. If the required initial saxion field value is too large, a second period of inflation by the saxion potential energy occurs [32] . This means that, after fixing λ to reproduce the observed dark matter abundance with the estimation assuming no second inflation, in the parameter region where the second inflation actually occurs, axions are always underproduced. Thus, we require V 0 (S i ) to be smaller than the total energy density of the universe when oscillation begins, or
Using 
(4.16)
For oscillations before reheating, we derive relations between the scale factors at various points of the cosmological history of the saxion, which are used later. Prior to reheating, the Hubble parameter is given by
where R φ is the expansion scale factor when inflaton oscillations begin. At time t i , when the saxion oscillations begin, we set m S i 3H(t i ) and find
where R i is the scale factor when saxion oscillations begin. The reheating completes at
which leads to the following ratio of the scale factors
(4.20)
Constraints for Kinetic Misalignment
During inflation, quantum fluctuations of the axion and saxion fields are generated. Because we consider axions as dark matter, the axion field fluctuations can be related to the power spectrum of the cold dark matter isocurvature perturbation [33] , which is given by
where we used Eq. (2.5) to relate Ω a and Y θ , and assumed that axions make up all of the cold dark matter, so that Ω a = Ω c . Because the parameter Y θ is a function of the angle θ and the saxion field S, the quantum fluctuation in δY θ is given by
where δθ 2 i = H I /2πS i is the fluctuation of the initial angle and δS 2 i = H I /2π is the fluctuation of the initial saxion field.
While the induced fluctuations from δθ i can be tuned arbitrarily small if ∂Y θ /∂θ i 0, those induced from δS i can not. If the saxion oscillations begin before reheating, we can use Eq. (5.2) (see below) together with Eq. (B.5) (see Appendix B), and we find that the power spectrum of dark matter isocurvature perturbations is given by
where, for simplicity, we set the initial angle at the onset of angular rotations/radial oscil-
Similarly, if the saxion oscillations begin after reheating, we use Eq. (5.5) (see below) to find the power spectrum of dark matter isocurvature perturbations
From the CMB constraints we have [11] 
where P S (k * ) and P ζ (k * ) 2.2 × 10 −9 are the power spectra of isocurvature and adiabatic perturbations respectively with the pivot scale k * = 0.05 Mpc −1 . Therefore, we obtain with x = 3 if the saxion oscillations begin before reheating and x = 5/2 if the saxion oscillations begin after reheating.
The saxion isocurvature fluctuations might also lead to a domain wall problem arising from power-law growth of modes with k 0. The origin of the growth is the following.
In different Hubble patches, the radial and angular fields take slightly different values, due to isocurvature mode fluctuations, resulting in different initial rotation frequenciesθ i . As a result, the axion field values in different Hubble patches deviate from each other over time.
This leads to domain wall formation once the QCD axion potential becomes non-negligible.
As there is no point in space where the symmetry is restored, cosmic strings cannot form.
Consequently, this is problematic even if the domain wall number is unity since in this case domain walls are not attached to cosmic strings. Although domain walls annihilate inside the horizon, this does not eliminate them from the entire Universe. The Universe would eventually become dominated by domain walls with sizes larger than the Hubble horizon.
As shown in Appendix C, this problem is avoided if quantum fluctuations generated during inflation are small enough,
: oscillation before reheating.
(4.28)
We find that this condition is violated in most of the allowed parameter space.
However, for 0.8 parametric resonance occurs and this domain wall problem is alleviated because the PQ symmetry is non-thermally restored, as discussed in Sec. 3, and the formation of cosmic strings allows the domain walls to decay. In this case, axion dark matter can originate from either parametric resonance or kinetic misalignment. If the saxion is thermalized before S reaches f a , then the axion fluctuations are also thermalized due to the significant mixing of the two modes from the quartic coupling. Axions in the form of rotational oscillations persist due to the conservation of PQ charge and can contribute a dominant fraction to the dark matter density via kinetic misalignment. The relative fraction from kinetic misalignment versus parametric resonance is discussed in the next section.
It is important to note another upper bound for λ. To ensure that the explicit PQ symmetry breaking effects do not significantly shift the CP conserving minimum of the axion, the additional contribution to the axion mass-squared from V A , m 2 a,A , must be m 2 a θ 0 , where m a is given in Eq. (1.1) and θ 0 10 −10 is the current limit on CP violation determined from the experimental upper bound of the neutron electric dipole moment [4] .
From Eq. (2.12), we can relate to the coupling A in V A as shown in Appendix B in Eq. (B.5). If we solve for A, we find:
Using this expression in the potential, V A , we find
Then the contribution to the axion mass from V A is
where we have used Eq. (4.8) for the initial value for S i and have evaluated the mass at S = f a and θ = 0. If we set |csc (nθ i )| = 1, we find the following upper bound for λ
This constraint is relaxed as n is increased. By choosing n = 10, the explicit PQ breaking does not significantly affect the axion mass and does not further constrain the parameter space considered in this work.
If we compare the upper bounds (4.27) and the lower bound (4.16), we find that the maximum viable value of H I , that satisfies both constraints, is given by
where as before, x = 3 when oscillations begin before reheating and x = 5/2 otherwise.
In Fig. 2 , we show the λ vs T R plane. The upper limit on λ from isocurvature fluctuations is shown by the gray region labeled KMM at large λ for n = 10. Here, we consider two values of H I as labelled. For each value, the colored region shows the lower bound on λ from Eq. (4.16) . Below these regions, a second period of inflation driven by the saxion field occurs. In the regions to the left (right) of the dotted sloped line, the saxion oscillations begin before (after) reheating. 
Constraints for Parametric Resonance
For parametric resonance, the isocurvature constraint is modified due to the different dependence on S i . The axion abundance is independent of , and the power spectrum of dark matter isocurvature perturbations is
where x = 3 (5/2) if the saxion oscillations begin before (after) reheating. This result can be understood by setting n = 4 in Eqs. (4.23) and (4.24) because it is V 0 ∝ |P | 4 rather than V A ∝ P n that determines the final dark matter abundance. The limit from isocurvature fluctuations is shown by the gray region labeled PR in Fig. 2 .
AXION DARK MATTER
The axion abundance has two distinct origins: kinetic misalignment and parametric we analyze the parameter space for these two contributions separately. We discuss possible thermalization channels in Sec. 6.
Kinetic Misalignment
In this subsection, we assume the axion abundance is produced entirely from KMM, which is the case when the PQ field is thermalized before S relaxes to f a . We first fix the value of λ for various cases while taking into account the constraint from the isocurvature mode, and then discuss other constraints on the (T R , f a ) plane.
Let us start with the case when saxion oscillations begin before reheating. After production, the initial PQ charge density of (2.12) is diluted during the inflaton matter-dominated era, so that by the end of reheating it is
The axion yield at reheating is
and we assume that the subsequent evolution is adiabatic so that Y θ is constant. We use We emphasize that these results are general and do not depend on any specific model of inflation. In Fig. 3 , we show contours of the saxion vacuum mass m S = √ 2λf a (solid black), which are determined using (5.4) For Ω a h 2 0.12, we find the following λ The yellow dotted line shown in Fig. 3, defined (5.8) while it is vertical inside the gray hatched region since λ is constant there. To the left of the yellow dotted line, oscillations begin before the end of reheating. To the right of the yellow dotted line, oscillations begin in the radiation-dominated era after reheating.
We display various constraints on the parameter space in Fig. 3 . In the orange region, the conventional misalignment mechanism is applicable, as is shown in Eq. (2.6) . The green region violates Eq. (4.16) and results in a second period of inflation by the saxion, and axions are under-produced. The red region is unphysical since the radiation energy density at the completion of reheating exceeds the energy density during inflation.
We additionally impose the supernova constraint, which requires f a 10 8 − 2 × 10 9 GeV [10, 34] , so that energy loss due to axion or saxion emission does not conflict with the neutrino observations from SN1987A 3 . This bound can be evaded for m S > 4 MeV;
below the purple dashed curve, the saxion can be trapped inside the core and thus evade the supernova cooling constraint by a mixing with the Higgs, whose required magnitude is consistent with the couplings considered below. The required magnitude of the mixing can be probed by KLEVER [36, 37] through the decay K L → π 0 + S, with the latter being invisible. As discussed in Sec. 7, m S < 4 MeV is excluded due to the effect of saxions on the CMB. In Sec. 7 we also show that if cosmological saxions are depleted by an interaction S 2 H † H, then much of the allowed region of parameter space can be probed by KLEVER.
Consider the lower panel of Fig. 3 with H I = 1.5 × 10 13 GeV. Given our constraints on λ in Eqs. (4.16) and (4.27), we see that without entropy production after the inflaton decays, we must have 10 12 GeV T R 10 9 GeV and f a 4 × 10 8 GeV from the supernova bound.
Entropy production allows higher T R .
Parametric Resonance
While the discussion in Sec. 5.1 is dedicated to KMM, the same formulae can be used to obtain the contribution from PR, which is present for 0.8 according to Eq. (3.3). The are excessively produced, but can be diluted by entropy production. To the right (left) of the yellow dotted line, radial oscillations begin after (before) the end of reheating. In the orange region, the conventional misalignment mechanism applies. The purple region shows the supernova constraint [10, 34] . Below the purple dashed curve, the saxion-Higgs mixing required to evade the supernova constraint can be probed by searches for K L → (π 0 + missing) by the KLEVER experiment [36, 37] . The green region is excluded because the saxion causes a second inflationary era. In the blue area, the thermalized saxion decays will adversely affect BBN. The red region is unphysical because T R exceeds the maximum value allowed by H I . In the lower panel, the value of the inflaton decay coupling y is given on the upper axis using Eq. (4.3) and m φ = H I /2. dark matter abundance from PR is given by ρ a s = m a Y a = m a n a s , (5.9) with the initial number density n a i given in Eq. (3.1). Comparing Eqs. (2.4) and (5.9) as well as Eqs. (2.12) and (3.1), we observe that, by effectively setting = 1/2, the formulae in Sec. 5.1 can be directly translated into those for PR even when 1. In this subsection we will assume 1, which renders the KMM axion abundance negligible, and we also assume that the axions produced by PR are not thermalized, so that the final axion abundance is produced entirely from PR.
Axions produced by PR may be warm enough to affect structure formation. The warm dark matter constraint can be phrased in terms of the velocity of dark matter at the temperature of 1 eV, v DM (eV). The current bound is v DM (eV) 10 −4 [38] , while cosmic 21-cm signals can probe v DM (eV) 10 −5 [39] . From the initial axion momentum k a m S i at the onset of the saxion oscillations, we can derive the velocity of an axion at T = 1 eV using redshift invariant quantities such as k 3 a /ρ φ during the matter-dominated era and k 3 a /s during the radiation-dominated era. For the case when the saxion oscillates before the end of reheating, the axion velocity as a function of temperature after reheating is ( 5.11) We fix the value of λ as we did in Sec. 5.1. Contours of m S are shown by black lines in Fig. 4 . We take into account the isocurvature constraint (the gray hatched region), as well as the warmness constraint (the brown hatched region). The isocurvature constraint is greatly relaxed compared to the case with KMM in Fig. 3 due to a milder dependence on S i as explained below Eq. (4.34). The warmness constraint is more severe for high m S because the initial momentum is larger and for high f a because the axion vacuum mass is smaller.
The warmness constraint can be avoided by taking smaller λ, overproducing axions by the PR, and diluting them by entropy production. Inside the brown hatched region, we take the largest possible λ while satisfying the warmness constraint λ 7 × 10 −12 10 9 GeV f a 2 .
(5.12) The prediction of λ, and hence that of m S , become independent of T R . We note that the blue, green, and purple regions to the left of the brown hatched region are identical to those outside the gray hatched region in Fig. 3 . Inside the brown/gray hatched regions, they appear differently because brown and gray hatched regions, where constraints become T R -independent, cover different areas between the two figures.
In Fig. 4 , the viable parameter space is shown for axion dark matter dominantly produced from PR. According to Eqs. (5.10) and (5.11) , the PR produced axions are warm enough to leave imprints on 21-cm lines above the brown dashed line. The scenario of axion dark matter from PR, applicable when 1, makes sharp predictions for f a , m S , the saxion-Higgs mixing, and warmness of dark matter. Remarkably, the entire allowed parameter space can be probed by both KLEVER and 21-cm lines.
THERMALIZATION OF SAXION OSCILLATIONS
At later times, unless the saxion oscillations and fluctuations thermalize or decay, they will eventually come to dominate the energy density of the Universe. In this section, we
show that the saxion can successfully thermalize before the domination occurs.
Scattering with gluons occurs at a rate [40] [41] [42] 
where f eff max(S, f a ) and b α 3 (T ) 2 /100 10 −5 . Here α 3 (T ) is the strong gauge coupling constant evaluated at temperature T . We find that saxion oscillations thermalize only in a small portion of the parameter space, with low values of f a , which is already excluded by other constraints for both values of H I shown in Fig. 3 . Thus, thermalization does not occur in any of the allowed regions of parameter space by scattering with gluons.
Another possible thermalization channel of the radial mode is via scattering with light PQ charged fermions ψ andψ, which may also have a color charge. Such a Yukawa interaction zP ψψ leads to a scattering rate [42] Γ th 0.1 z 2 T, (6.2) where ψ andψ are assumed to be in thermal equilibrium, requiring that m ψ (T ) zf eff < T . Therefore, with the largest possible z at a given T , this scattering rate follows the same functional form as Eq. (6.1) but with b 0.1. In much of the parameter space with f a . (3.3) . In summary, we find that both scenarios studied in Sec. 5 are possible and may contribute to the present axion density.
A potentially more effective thermalization process is possible if there is a coupling be- 
where α 2 (T ) = g 2 (T ) 2 /4π, and we have taken the VEV S = f a on one of the external saxions. We assume that the thermalization process occurs at high temperatures, and we will use α 2 (T ) = α 2 1/30. In writing (6.3), we have implicitly assumed that ξf a < T . If ξf a 125 GeV, we are required to tune the contribution to the Higgs mass from ξ 2 S 2 H † H with an S-independent contribution.
We first consider thermalization when R i < R R , that is when saxion oscillations begin before reheating ends. For S f a , the saxion energy density is dominated by the quartic term and falls as ρ S ∼ R −4 . Below T R , we can then assume that ρ S ∼ T 4 , and that the amplitude of the oscillations scales as S ∼ T . At reheating, using Eqs. (4.8) and (4.20) , we can write the amplitude of S as
For S < S R , we can write S = S R T /T R .
We define T S as the temperature when the potential V 0 is no longer dominated by the quartic term and is dominated by the quadratic term instead, which occurs when S = √ 2f a , then T S = √ 2f a T R /S R . The temperature at which thermalization occurs is determined by Γ th 3H. Since f eff is temperature dependent when S f a , the expression for the thermalization temperature depends on whether T th is greater or less than T S . While thermalization may be possible when T > T S , the evolution of S and H are complicated by the rapidly changing masses of S and H, and a full treatment of this case is beyond the scope of the present work.
We can, however, address the case when T th < T S . We estimate T th by setting the scattering rate (6.3) equal to 3H and find (6.6) which is easy to satisfy across the plane shown in Fig. 3 . In this section, the dependence appears because λ is fixed to reproduce the dark matter abundance. For this reason, we define eff = when the final axion abundance is dominantly produced from KMM, and eff = 1/2 when it is instead from PR as discussed below Eq. (5.9).
Note that ξ must not be so small that thermalization takes place after saxions come to dominate the total energy density. To calculate the temperature when the saxion begins dominating the energy density, T M , we first calculate the redshift invariant quantity, i.e., the saxion yield Y S = n S /s for T i < T R . We compare the saxion energy density m S Y S to the thermal bath and find that the saxion starts dominating the energy density when
The requirement that T th > T M leads to the constraint on ξ, ξ > 6 × 10 −9 −1/4 eff H I 10 12 GeV
where we use f eff f a . So long as S(T th )/f a ∼ (T th /T S ) 3/2 , this naive treatment of thermalization may be valid, though as noted above, a full treatment of the dynamics of S and H is warranted and left for future work.
When radial oscillations begin after reheating and T i < T R , T S = √ 2f a T i /S i , where S i and T i are given in Eqs. (4.8) and (4.13) respectively. The condition (6.6) for T th < T S is independent of T R , and is given by 9) and is again easily satisfied. To find T M for T i < T R , the calculation is similar to Eq. (6.7)
but the ratio of the saxion yield to that of the inflaton Y S /Y φ is a constant until reheating ends and Y S is invariant afterwards. In this case, saxion domination occurs at
(6.10)
The condition T th > T M is now given by To ensure that Higgs scattering is effective at thermalization, Higgs bosons must be present in the thermal bath at T th , requiring m H < T th . If we expand the saxion field S about its vacuum value, S =S + f a , we can write
where we have dropped the contribution fromS 2 . In (6.12) we assume a cancellation between the first two terms so that their sum returns the experimentally determined Higgs mass of 125 GeV whenS = 0. The third term, however, is oscillatory with frequency m S and at T < T S has an amplitude which falls asS ∼ T For our nominal value of H I = 1.5 × 10 13 GeV, we find that ξ 5 × 10 −7 simultaneously satisfies the constraints derived in this section across the entire unshaded T R − f a region shown in Fig. 3 and thus thermalization is efficient. For H I = 10 12 GeV, ξ 10 −7 allows the entire viable parameter space. We note however that there is a further constraint related to ξ from successful depletion of the thermalized saxions, which we discuss in the next section.
Before concluding this section, we note that during a fraction of an oscillation period, the Higgs mass becomes light enough to allow for saxion decay to two Higgs bosons. Depending on the choice of parameters (f a , T R , H I , ξ), decay may be still more efficient than scattering in the dissipation of the saxion condensate. As scatterings can be made efficient everywhere in the parameter space of interest, we leave the more detailed interplay between scattering and decay for future work.
DECAY OF THERMALIZED SAXIONS
The final constraint of importance is the decay of the thermalized saxions before Big Bang Nucleosynthesis (BBN). The saxion mass is m S = √ 2λf a and could range from 0.1 MeV to 1 GeV for λ between 10 −12 − 10 −11 and f a between 10 8 − 10 11 GeV. If present at late times, saxions could begin to dominate the energy density leading to a period of late matter domination or late decay and potentially spoiling the successful predictions of BBN [43] .
In the absence of the coupling ξ 2 SSH † H, the dominant channel for S decay is to two light axions [18] . However, the resulting axions would contribute to the number of light degrees of freedom and using the BBN bound on N eff , ∆N eff < 0.17 [43] , all of the parameter space previously discussed would be excluded.
The coupling of saxions to HH induces a decay channel for S to light particles such as µ + µ − or e + e − through the mixing of S and H. The decay rate is given by
where y f is the Yukawa coupling of the final state to the Higgs boson. The mixing angle is
where v = 174 GeV is the Higgs VEV. The condition for decay in the radiation-dominated epoch is Γ 2H and the decay temperature is given by
where now g * = 10.75. BBN will be unaffected as long as T SD 2 MeV.
However, T SD 2 MeV is not a sufficient condition for problem-free decay. For T SD ∼ m S , saxions are kept in equilibrium by decays and inverse decays, and saxion decay continues past T SD , injecting radiation into the e + e − γ background. If significant injection occurs after neutrinos are decoupled around T = 2 MeV, neutrinos become relatively cooler, leading to a decrease in the effective number of neutrinos, N eff . Using the lower bound [43] , ∆N eff > −0.44, leads to a lower bound on m S 4 MeV to ensure that the saxion abundance is sufficiently Boltzmann suppressed when neutrinos decouple.
The limits imposed by late saxion decay are also shown in Figs. 3 and 4 . Regions in which m S 4 MeV are shaded blue, while the constraint T SD > 2 MeV is satisfied in the viable parameter space by choosing the largest value of ξ allowed by Eqs. (6.6), (6.9), (6.13) ,
and (6.14) . When H I = 10 12 GeV, this constraint is quite important and excludes much of the parameter space with lower values of T R ( 10 10 GeV) in Fig. 3 and also higher values of f a ( 2 × 10 9 GeV) in Fig. 4 . In contrast, when H I = 1.5 × 10 13 GeV, the constraint only excludes a small corner of previously allowed space at f a 2 × 10 9 GeV, again stemming from the lower mass limit on m S of 4 MeV.
Using (7.3) , the requirement T SD > 2 MeV leads to a lower bound on θ SH
The KLEVER experiment [36, 37] , designed to measure the branching ratio for K L → π 0ν ν, could also see a signal for K L → π 0 S, reaching a sensitivity to θ 2 SH of 3 × 10 −10 . Hence, if the S 2 H † H operator is the origin of saxion thermalization and decay, KLEVER will see a signal over much of the allowed parameter space of Fig. 3 .
DISCUSSION
While there are many potential dark matter candidates under both theoretical and experimental investigation, very few of them are motivated by extensions of the Standard Model built to resolve deficiencies in the Standard Model. Two classic examples are the lightest supersymmetric particle in supersymmetric extensions of the Standard Model [44] , and the QCD axion discussed in this paper.
The invisible axion [45, 46] is made invisible by presuming that the scale associated with its decay constant is large, perhaps approaching the GUT scale. For values of f a 10 11
GeV, the axion could account for the cold dark matter of the Universe. For f a 10 11 GeV, some fine-tuning of the misalignment angle is necessary. In [16] [17] [18] , it was argued that if the radial component of the PQ symmetry breaking field takes a large initial value in the early universe, the oscillation and rotation of the PQ symmetry breaking field efficiently produce axions through parametric resonance and kinetic misalignment, respectively. As a result,
smaller values of f a are allowed, thus expanding the viable parameter range for f a .
It is likely that the evolution of the radial component would be affected by inflation.
During inflation light scalar fields may randomly walk to large field values determined by the Hubble parameter during inflation and the scalar mass, S 2 H 4 I /m 2 S . This allows us to set the initial condition for the PQ field, with subsequent evolution once inflation ends. Furthermore, depending on the size of the saxion quartic coupling (see Eq. (4.11)), the evolution of the saxion/axion system may begin before reheating during an inflaton matter-dominated period, or for smaller quartic couplings, after reheating during a radiationdominated period. In the former case, the evolution depends on the reheat temperature T R and in both cases it depends on the Hubble parameter during inflation H I .
It is instructive therefore, to fix the axion decay constant and consider the inflationary otherwise, the reheat temperature is restricted to a small range around 10 10 GeV at high H I . For higher f a = 10 10 GeV, as seen in the lower panel of Fig. 5 , the constraints from late saxion decays and isocurvature fluctuations are both relaxed, though the constraint from avoiding a second period of inflation is stronger. More parameter space is allowed with a broader range in saxion masses which reach 100 MeV near the isocurvature limit. For even higher f a = 10 11 GeV, the saxion mass can be as high as 1 GeV.
In Fig. 6 , we show the T R − H I plane with 1, when the axion abundance is primarily determined by parametric resonance, for fixed values of f a = 3 × 10 8 GeV (upper panel) and Our scenario involves the production of topological defects, which constrains possible cosmological evolution. 1) When the kick to the angular direction is sufficiently small, the PQ field oscillations pass near the origin producing fluctuations in the field via parametric resonance [15] . The resulting non-thermal restoration of PQ symmetry after inflation leads to the formation of cosmic strings and domain walls [47] . For the quartic potential, this occurs for < 0.8. This case is viable only if the domain wall number is unity. If is O (1) or the axions produced by parametric resonance are thermalized, the KMM production of axions dominates. When 1 and the axions are not thermalized, axion production by parametric resonance dominates. 2) A sufficiently large kick to the angular direction prevents parametric resonance and the subsequent symmetry restoration. For the quartic potential, this requires > 0.8. However, in this case, fluctuations of the angular velocity lead to the production of domain walls without strings, which overclose the universe even if the domain wall number is unity. We find a strong upper bound on the Hubble scale during inflation, which excludes > 0.8 with a quartic potential.
In a scenario where the radial component is fixed at the present value f a during inflation, isocurvature fluctuations give a strong upper bound on H I [33] . The bound may be relaxed if the radial component takes a large value during inflation [48] . Excessively large field values however lead to parametric resonance and the formation of topological defects, giving an upper bound H I 10 12 GeV for simple potentials of the radial direction [49] . (See however [50] .) The kick from the explicit PQ symmetry breaking may prevent parametric resonance and relax the upper bound on H I . As stated above, this scenario does not work for the quartic potential with the initial condition determined by quantum fluctuations. Other types of potentials and/or initial conditions may render this scenario viable.
In models for kinetic misalignment and parametric resonance, the potential of the PQ symmetry breaking field must be very flat so that the oscillating condensate has sufficient PQ charge or saxion number density. For the quartic potential, this results in extremely small coupling λ 2 , so one might question whether progress has been made in solving the strong CP problem. We view the quartic potential as a toy model; in a supersymmetric theory, the potential may be set by a supersymmetry breaking soft mass, so that the flatness is natural. Furthermore, it may be that the potential is sufficiently flat that during inflation the PQ field fluctuates to large enough values that the initial impulses forṠ andθ are both dominated by an explicit PQ symmetry breaking term, from which ∼ 1 follows, leading to effective kinetic misalignment.
In summary, we have explored parametric resonance and kinetic misalignment in a quartic potential in the framework of general inflation models. The parameter space of f a and m S is significantly restricted compared to an unconstrained initial condition for S i [16, 18] ; in particular f a ∼ (10 9 − 10 for axions with f a ∼ (10 9 − 10 11 ) GeV.
By multiplying this by P * and subtracting the complex conjugation, we obtain
Since S decreases by cosmic expansion, the right hand side of the equation is effective only for a time period ∼ m −1 S i after the beginning of oscillations. The PQ charge density right after the beginning of oscillations is
Pl (P n * − P n ). (B.3)
Using the decomposition P = |P |e iθ , we can express n θ i as
where θ i is the initial angle at the beginning of angular rotation/radial oscillation. By In KMM, the PQ symmetry breaking field P rotates. Let us take the time slice where the temperature of the universe is homogeneous, so that the axion potential from the QCD dynamics evolves homogeneously in the time slice. Because of the isocurvarure perturbation, different points in the universe have slightly different initial angular velocities, and the phase of P evolves differently. If the difference of the phase becomes larger than O(1), domain walls without strings are formed after the QCD phase transition and eventually dominate the energy density of the universe. In this appendix we derive the upper bound on H I .
Since we are interested in the case where the rotation remains coherent, we assume that the rotation is nearly circular. The PQ charge conservation requires thatθS 2 ∝ R −3 . For S f a , since S ∝ R −1 , the angular velocityθ ∝ R −1 .
Let us first consider the case where P begins rotation after the completion of reheating.
The scaling of the angular velocity isθ =θ i × t i t 1/2 , (C.1) whereθ i is the angular velocity when the rotation begins at the time t i . For nearly circular motion, ∼ 1 andθ i t i ∼ m S i /H i ∼ 1. The phase of P is
The fluctuation of the phase is then given by
This scaling is valid until S reaches f a . If ∆θ < O(1) at S = f a , ∆θ does not exceed O (1) afterward, as can be confirmed by the scalingθ ∝ R −3 for S = f a . Thus, the condition under which domain walls are not formed is
The fluctuation of Y θ is dominantly given by that of S i , ∆Y θ /Y θ nH I /(2πS i ). The bound on H I is given by
When P begins rotation before the completion of reheating, for S > f a , 
